We improve upon recent calculations of the low-lying 'glueball' spectra of SO(3) and SO(4) lattice gauge theories in 2+1 dimensions, and compare the resulting continuum extrapolations with SU(2). We find that these are reasonably consistent, as are the SU(2) and SO(4) string tensions when these are corrected for the differing representations of the flux. All this indicates that the different global properties of these groups do not play a significant role in the low-lying physics.
Introduction
Certain SU(N) and SO(N ′ ) groups share the same Lie algebra, although their global structure differs: that is to say, SO(3) and SU(2), SO(4) and SU(2) × SU(2), SO (6) and SU (4) . It is interesting to ask which if any of the physical properties of the corresponding gauge theories are sensitive to these global differences. A recent paper [1] has addressed this question for the lightest glueball masses and the string tension in the context of a calculation of SO(N) gauge theories for all N. Unfortunately most of the masses calculated in SO(N) at small values of N turned out to be subject to large systematic errors, making the desired comparison of limited value. In this paper we will improve substantially upon the SO(4) calculations, and significantly upon the SO(3) ones, allowing us to make a more useful comparison than that provided in [1] . Since the calculations in [1] were for gauge theories in 2 + 1 dimensions, so are the calculations in the present paper.
Since this work represents a direct continuation of (some of) the work in [1] we will not repeat the discussion in that paper and will simply focus on the way that our calculations differ. For a detailed discussion of methods etc. we direct the reader to [1] .
As an aside we remark that another paper [2] has compared the deconfining temperature in SO(4) and SO(6) gauge theories against existing calculations for SU (2) and SU(4) respectively. The continuum values, expressed in units of the string tension and corrected for the differing representations, agree within two standard deviations.
Lattice preliminaries
We replace continuum (Euclidean) space-time by a cubic lattice with a lattice spacing labelled by a. The lattice is of finite size, L x × L y × L t in lattice units, with periodic boundary conditions. The variables are N × N SO(N) matrices, U l , living on the lattice links l that join neighbouring sites. The Euclidean path integral is Z = DU exp{−S[U]} where DU is the Haar masure. We use the standard plaquette action,
where U p is the ordered product of link matrices around the plaquette p. As a convenient shorthand, we shall use u p ≡ where g 2 is the coupling in the continuum limit. The purpose of the lattice calculations is to calculate the physics of the corresponding continuum gauge theories. Since ag 2 , the dimensionless running coupling on the scale of the lattice spacing, vanishes as a → 0 one can determine the leading lattice corrections just as one does for asymptotically free gauge theories in 3 + 1 dimensions. So we know that ratios of two physical masses satisfy
where am 3 is some other mass (which may equal am 1 or am 2 ) and c is some constant (that depends of course on m 1 , m 2 , m 3 ). We can then use this to extrapolate our results to the continuum limit. We can also extrapolate a lattice mass am expressed in units of a lattice coupling ag 2 using am ag 2
Here the leading correction is O(a) rather than O(a 2 ) because the running dimensionless coupling is not a physical quantity even though the continuum coupling is. The most straightforward definition of a coupling is β = 2N/ag 2 as in eqn(1). However we prefer to use the mean-field improved coupling
since there are some theoretical arguments [3] that the lattice corrections are smaller using this coupling, as appears to be borne out in practice for SU(N) gauge theories [4] . The energy of a state can be calculated from the time dependence of a correlation function
where M is the mass of the lightest state with the quantum numbers of the operator φ.
The operator φ will typically be the trace of the product of SO(N) link matrices around some closed path. To have good overlaps onto the desired states, so that one can evaluate masses at values of t where the signal has not yet disappeared into the statistical noise, one needs to use blocked and smeared operators. (For more details see [1] .) This method can be generalised to a variational calculation over a basis of operators, thus allowing for the efficient calculation of the energies of excited states [1] . The blocking/smearing involves a parameter that determines the weighting of the direct path between two sites and the 'staples' that constitute the smearing. In the SO(N) calculations of [1] one used the same value for this smearing parameter as the one that had previously been used in SU(N) calculations [5, 6] .
In this paper we have attempted to optimise the value of this parameter for SO(3), SO (4) and SO(6) by performing calculations with various values of the parameter. We find that for SO(3) the best parameter should be chosen to be about 2.5 times the value used in [1] and for SO(3) about 1.7 times. For SO(6) we find there is much less to be gained and for that reason we do not attempt to redo the SO(6) calculations in this paper.
To illustrate the improvement we obtain with our operators in this paper, it is useful to define an effective mass M ef f (t) by
Comparing eqn(5) and eqn (6) it is clear that what we want is for M ef f (t) to approach its asymptotic value as quickly as possible as t increases, i.e. that the normalised overlap of our operator Ψ on the desired ground state should be as close to unity as possible. We display in Fig. 1 the effective masses for a sample of glueball states ranging from the lightest to the heaviest in one of our SO(4) calculations. The operators used are the best variational operators using either the basis of this paper (solid points) or the basis (open points) of [1] . The horizontal lines are our best mass estimates obtained from the apparent large-t limits of the effective masses using the new operators. It is clear that for all the states, apart from the very lightest glueball, the new operators provide a much more credible estimate of the large-t plateau of M ef f (t) which corresponds to the ground state mass. It is nonetheless also clear that even with these new operators identifying an effective mass plateau for the very heaviest states is significantly uncertain. Since the lattice used in Fig. 1 has the second smallest lattice spacing of our SO(4) calculation, this caveat certainly applies to our eventual continuum extrapolations.
In Fig. 2 we provide a similar effective mass comparison for our SO(3) calculation at the smallest lattice spacing. While the new calculation is clearly better than that in [1] the improvement is less striking than for SO(4). The reason for this is presumably that for SO(3) the only difference with the calculations of [1] is in the choice of the smearing parameter, while for SO(4) the operator basis used in [1] was in addition significantly smaller. It is also clear from a comparison of Fig. 2 and Fig. 1 that the SO(4) calculations have better overlaps than the SO(3) ones and hence lead to more reliable mass estimates. This is something already noted in the study of SO(N) gauge theories in [1] : as we increase N the overlaps improve. Indeed for SO(6) we found that changing the smearing parameter did not lead to an improvement that was large enough to motivate a new calculation.
A calculation in [1] that helped elucidate the origins of the poor overlaps in SO(3) was the comparison of the effective mass plots one obtains in SU(2) using glueball operators where the trace of the closed loop is taken in the adjoint and fundamental representations respectively. One found [1] that using the adjoint in SU(2) led to poor overlaps similar to those seen using the fundamental in SO(3). Since these representations correspond to each other, this demonstrates that this problem is not peculiar to SO(N) gauge theories. As an addendum to that we show in Fig. 3 a similar comparison for SU(4), but this time using operators in the fundamental and k = 2 (antisymmetric) representations, since the latter corresponds to the fundamental of SO (6) . We see that the overlaps of the k = 2 operators are visibly worse although the effect is modest except for the heaviest states. The SO(6) overlaps are quite similar to this.
SO(4) and SU(2)×SU(2)
We begin with SO(4) and SU(2)×SU (2) . If the physics of these two gauge groups is the same then the physics of SO (4) is just that of two non-interacting SU(2) groups. That is to say, the single-particle mass spectrum of SO(4) should be identical to that of SU (2), and taking into account the differences in the fundamental representations, the string tensions should differ by a factor of two [1] σ| so4 = 2 σ| su2
and the couplings also by a fctor of two [1]
.
We start with the string tension. In Table 1 we list our calculated masses of the flux loops winding around the spatial torus at various bare couplings. From these we can extract the listed values of the string tension, as explained in [1] and we can then extract a continuum value for √ σ/g 2 with the fit √ σ
Taking the above continuum value of √ σ/g 2 and imposing the relations eqns(7,8) we obtain a predicted value for SU(2) √ σ
This is to be compared to the directly calculated SU(2) value of √ σ/g 2 | su2 ≃ 0.3349(3), as given in Table B1 of [5] . These values are in agreement within errors. We can perform the same analysis for the mass gap using the values listed in Table 2 . We obtain the continuum fit
from which we obtain a prediction for SU(2)
This is to be compared to the directly calculated SU(2) value of m 0 + /g 2 | su2 ≃ 1.586(2), as given in Table B1 of [5] . These values are again in agreement within errors. Thus as far as the mass gap and fundamental string tension are concerned SO(4) is just like SU(2) × SU(2), at least within our percent level errors.
As an aside it is useful to look at the actual lattice data on a plot versus ag 2 I . This we do for m 0 + /g 2 and √ σ/g 2 in Fig. 4 where we also show our continuum extrapolations. We note that the best fits shown have very small slopes: that is to say, these dimensionless ratios are consistent with having almost no lattice corrections. On the other hand we can see in Fig. 4 that in units of ag 2 the range of our calculated values is not large, and in fact hardly larger than the range over which we need to extrapolate to the continuum. This is uncomfortable: a long extrapolation may conceal significant systematic errors. To avoid this we can instead look at physical mass ratios where the leading correction is O(a 2 µ 2 ) (with µ some reasonable mass scale such as m 0 + or √ σ) in which case our calculated values extend to a region much closer to the continuum limit, as we shall now see.
In Table 2 we list our best estimates for the masses of the same glueball states as calculated in [1] . As can be seen from the examples of effective masses in Fig.1 the heavier the glueball the less reliable is our estimate of its mass. We perform continuum extrapolations of the dimensionless ratio m/ √ σ using the string tensions listed in Table 1 . In general we obtain acceptable fits to our masses with just a lowest order O(a 2 σ) lattice correction and we use these fits to estimate the continuum mass ratios listed in Table 3 , where we also give the χ 2 per degree of freedom of each fit. A selection of continuum extrapolations are shown in Fig. 5 . Although the displayed best fits have small but non-zero slopes, in fact the slopes are consistent with zero within errors, i.e. consistent with negligible lattice corrections. This is in fact the case for our continuum fits to all the states in Table 3 . Moreover here the range over which we have calculated masses extends much closer to the continuum limit, largely eliminating any worry about associated systemetic errors.
In Table 3 we also list the corresponding mass ratios in SU (2) . We see that we have good agreement, within 1σ, between the SO(4) and SU(2) values for the 0 + , 0 +⋆ , 2 − and 0 − glueballs, and acceptable agreement, i.e. within about 2σ, for all the rest except for the 2 + , the 2 −⋆ (both about 3σ) and the 1 + (about 4σ). The fact that these larger discrepancies are all in one direction, i.e. the SO(4) ratios larger than the SU(2) ones, is consistent with the fact that for heavier states our identification of an effective mass plateau is weak, and by extracting a mass too early along the correlator we overestimate the mass. Nonetheless we see that the bulk of the extensive disagreement that was noted in [1] has disappeared in our new calculations.
SO(3) and SU(2)
We turn now to SO(3). A difference between SO(3) and SO(4) is that the fundamental flux tube in SO(3) is visibly unstable [1] , which is no surprise given that it corresponds to the adjoint flux tube of SU(2). So extracting a string tension in SO(3) is delicate and the result will not be very precise. Since we are interested in comparisons with SU(2) that are precise enough to be significant, we will not consider the SO(3) string tension any further in this paper.
We begin with the lightest glueball. In Table 4 Table B1 of [5] .) So if we assume that the mass gap is identical in SU(2) and SO(3), the above values of m 0 + /g 2 in SO(3) and SU(2) imply the following relationship between the couplings:
This should be compared to the theoretically expected value of 4 [1] . The agreement is within an acceptable 2σ. Alternatively we could assume this factor of 4 and then obtain a prediction for m 0 + /g 2 in SU(2) which would be within about 2σ of the known value. The continuum extrapolations in units of ag 2 suffer from their distance from the continuum limit, as is evident from Fig. 4 . As in the case of SO (4), a solution is to extrapolate ratios of physical masses. Since we do not have a usefully precise string tension to use in forming our dimensionless mass ratios we need to use some other quantity and we choose to use the mass gap since, being the lightest mass, it should also be the one that is calculated most accurately. So we extrapolate the ratio m G /m 0 + with an O(a 2 m 2 0 + ) lattice correction for the various glueballs G, whose calculated masses are listed in Table 5 . The resulting continuum values of these ratios are listed in Table 6 together with those for SU(2) (and also, to be complete, those for SO(4)). The SU(2) and SO(3) mass ratios agree within ∼ 2σ for the 0 +⋆ , the 0 +⋆⋆⋆ , and the 0 +⋆⋆⋆⋆ , and also for the 2 + , the 2 − , the 2 +⋆ , the 2 −⋆ . Of the remaining four glueballs only the 0 +⋆⋆ differs from the SU(2) value by more than ∼ 3σ. We note that just as in the case of SO(4) all the significant differences are due to the SO(3) mass estimates being larger than the SU(2) ones, which is consistent with the systematic error incurred when extracting a mass too early in the correlator. The examples of effective mass plots in Fig. 2 show that while our new mass calculations involve operators that have a significantly better projection onto the various glueball states than the operators used in [1] , they are not yet adequate for identifying unambiguously the effective mass plateaux of the heavier glueballs such as the 0 − and 1 ± .
Conclusions
Our main motivation for the calculations in this paper was the apparent disagreement, observed in [1] , between much of the low-lying spectrum of the SO(4) gauge theory and that of SU (2), and, to a lesser extent, that of SO(3) as well. It was argued in [1] that this was probably due to the relatively poor overlap of the operators onto the corresponding glueball states. In this paper we improved the operators used and found much better agreement between the spectra of SO(4), SO(3) and SU(2) gauge theories. The improvement has been greatest for SO(4) where, for the lightest and most reliably calculated single particle states, we now have agreement with SU(2) and hence with the SU(2) × SU(2) theory with which SO(4) shares its Lie algebra. And similarly for SO(3) and SU(2). We did not attempt to repeat the comparison between SO(6) and SU(4) because our operator improvement proved very modest for SO(6) and in any case there was already reasonable agreement in [1] between the low-lying spectra of SO (6) and SU(4), except for a couple of scalar glueball excited states. So in summary all this points to the conclusion that the differing global properties of these SO(N) and SU(N ′ ) groups play no significant role in the low-lying physics of the corresponding gauge theories. (4) gauge theory versus that of SU (2), with r = 1, [1] . Glueballs shown are lightest J P = 0 + (circles), lightest 2 + (diamonds), first excited 2 + (boxes), and lightest 1 + (triangles). Horizontal lines are our corresponding mass estimates as listed in Table 5 . 
